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1 Introduction

Consider the fbllowing 1l<lbleur: !r'e are girau a table of n iuteger keys .41. .42, ..., A,, and a query int,eger
X. We want to locate X iu the table, but rve arc in uo particular hurry to succeecl; in faet, we wotrld like
to clelay success as rnuch as possible.

lVe rnight cottsider using the trivial algodthur, naurely test X against At,Az, et<;. irt turu. Horvever, it
rniglrt happen that X : Ar, iu which ca.se the algoritlun would ternrinate riglrt away. This shorvs the
niiive algorithm has O(1) best-case runniug tinte. The question is, cau we do better, tha.t is, rvorse'i

Of course, $'e cau get very slow algorithms by adtling spurious loops betblc thc firsl, test ol'X agaiust,
t,hc ,4;. I-Ionever. strch etrs.y solutious are ulaccel>l,able ller:atrsc any f<xrl call see l,hnl, the algoril.lrnr is jrrsl
wrrsting tinre. Thct'elbre. we rnust look fbr an algorithrn that, does indet:d plogrc'ss sl.earlill..torvarrls its
stated goa.l even though it nray ltave very liltle enthusiaslu lbr (or even a, Iuarril'est, aversiou to) act.ually
getting there.

lVe can get an algoritlrm that satisfies this criteriort and is mtrch better (slower) than the nflive oue if rvc
keep the table A sorted in ascending order. Then lve ca.u use the relucbturt search procedure below

procedure reseorch(X, i, j: iuteger): integer =

{Reszlt i,s the indqh stch that Ak:X, or -1 i'J no stch k eodsts.}
if i > j then return -1 fi
if i:.i then it X:.4i then return i else return -1 fi

l;+il''-Lil
if X<y',,, then
k* research(X, n+1, j)
if l': -1 tben return research(X, i, nr) else return A fi

else
l,: * ,"t.orch(X, 'i, n)
if A: -l then return reseorch(X, n * 7, 1t) etse return l: fi

fi
erudecorp

The nurnber of probes perfomred bv this algorithnr is inclependert of X aud thus /;, and is giren 14' t,he

t.ecurrence ( r+r (t;l) +z(til), irn > r
7(rr.) : { l. i[ rt : I

I o. iru:o
tha,t, has the solutiorr

T(rt):2n-1, n)1



This replcsettts tr disitttptovclnent by a factor of u over the niiive algorithn. Obscr.t'e tliat the lack of
ettt,itttsier'sttt of the reluctaut search algorithnr is lot at all evident fionr its behavior sitrce it per'lbrnrs :r
-Y : Ai tesl etery O(1) operatiolls, llever' r'epeats a test, ancl stops as soon as it finds t[e alsn'er. Fes'
searr:ll algorit:htus. houest or not. ca,n nratch this peribrrnance.

2 Generalizations

dcsiglr arrcl arrall'sis ol'x:luctaut algoritlutts. Intuitivell', a reluctaut algoli{.hnr firl tr y>roblerrr I) is ourr rvhiclt
\vil.stes tirrre iu a way that, is sulficientl.y coutrived to ftxrl a n[ive observer. \4/e cau nrake l.lris coll('el)t
tttathetuatically pler:ise b1' sa.virrg t.hat A is a reluctant algolit,lrrn lbr I, ifl

(W{') ).4/(,4, t,fi',P) + /\ fltt',o;
o€A!

n'ltete.A/ is the sel, of all ndive observers, t is tirue, W(A,t,U/, P) is the pledictr.l,c "-zl u'a.stes tiure I in the
\\'a'1 l'l/ l'hilt: soh'ing P", ttud f(W,o) is tlrt: predicate "ll'' is suflicieutly contrived to lbol o". \Vc nrake
tuo assunrptiorrs about the firrit,eness of the set ,Af.

Irr t.he sl,trcl.1'of relttctarrt algrx'ithms. tlxr pcrlorrnzurce ol'au algorilhrn,4 is bettt:r expressccl by its irrffi-
ciencgl <tr besl-case lirtre, t,lie uliuinluln (trs a luncl,ion of rr.) ovel'all inputs ol'size n of the rurrrring I,irne
of -'1. Tlre sint.ple:rit.u ol a problenr is tlte naxirrrulr ineffi<'iency aluong the relrrcl,ant algolithrns thal. solt't'
P. Arr algorit,lrrtr is stricl t.olte pessirnal lbl a lrroblern P il'the besi-ctust iuefficicncy of'.4 is asymptoti<:all-r,
e<1rral to t,he sintplexit.y ol 1).

Rclucttr,lrt alg<;r'ithrns htrve plenty ol'inrportarrt, practical rlpplications. Fol exarnple, the relrrctant search
algorithrn is prrrticularly applicable to the case of real keys (real not in the nrathcmatical sense, but ratlter'
irt the setrsc that theS' cau be lrsed to opeu doors au(l (lrawel's). The rcluctant search algorithm is the onll'
otte kttorvtt so tar that accurately ertrulates the behaviol of buudle,s ol such keys.

3 Path problems ln pleasant graphs

Tirlrlt' scirlr:h can lre vierve<l a.s a spccia,l cas[ ol' t,lur l<lllorvirrg more gcncriil plolllcrn. \\Ir-' ar'<' giv'rr tr

"ruaze". i.e. atr urtclirected graph (/ wi1,h rr lorles, ancl an "entr.v" rrode tr. irr it.. Our task is to liucl a pat;h
f'r'our u l.o a spccified "exit" no<le t'. by rvalkilg on the nlaze oue edgc at, a tinre. Iu lhe spirit ol'classical
Attalysis of Algorithnrs, rve rvorrld irlrnerliately think of rrsing one of the eflicient sholtest,-pal,h or grtrph
t,rtrversal ltetlt<lds. Horvever, suppose tlte maze is ac[r-rally quite agreeable, so uruch so that u'rr u'oulrlu't
rniucl speuding a I'erv extra cycles in the search for r': in fact we vaguel.l' hope, nay, clecideclly u'ish. that
tlte sealr'lr rvill take as lorrg as 1>os.sible, and even lhough our seuse ol'<iuly l)r'e\rrrts us li'onr giving up t,her

searcir altogether, we are not that irrsensit,ive to the priurevir.l nccessities of our hunran n€rtrlre, ancl besicles
rvhat is wrottg rvith t,aking a nrore relaxecl attitrrclc to the probleru, as lorrg as n'e do what ne are supposecl
lo <lo, sirrce rvc lrtrvc aln'a)'s been tolrl thirl, ha.ste rnakes rvaste, and rro one net'ds to be perl'ect an1'n'ay'. arrd
so lbrlh. \Vith these a,ssurrrptions, tlrc 1>roblerrr lhlls srluarely n'ithiu the clourtrirt of oru'theory.

Tlris plnlrlerrr lras lreen cxlensivel.y slurlictl b1'graph tlre.orists, rvho call it, the. sloppit:st 7nth. prohlert. Tlrc

to thc sturll, ol' inelficieut, nrethods lbr soh'ing this probleur. What clo rve kttott' aborrt its sirnplexity ? Early
ou it rvas shown by \{rtrgru:r [\\hgner'] tha.t if u'e liave no iulbrnration about the krcertiou of 'tr, tlte best-case
nrnrring tinre nrtr.v be as low as O(I): at evel-v sirgle step -- even the very first otte -- we risk stutublirrg
llpou u aud lirlliug out of the maze, uo nrattel horv much we rvould like to avoid it. Ilowevet', Hotner

[Ilonrerl showed that, if thegraph is enrbeddecl in thc plane (or iu a flat globe), aud u'c arc givett au oracle
that reveals Lhe geucral <lirection of our goal, it is possible to delay getting there urrtil all;er ruost or all of
the graph ha^s been travemed. In lact. in this sitrration the clelay is limitecl not b-v the inherent simplexitl,
of thc problcnr. lrrrt. b.v its nrouotorricity.t Honrer's algorithm has O(n) itrefficienc'r'. and this is a lorver
l>ottnrl lot' tlur sinrlllexit.r' ol'tlre sloppiest path ploblenr.

tAIsr, krronrr ts borttlunt



The t'elttctanb search nrethocl and llonrer's sloppiest-path algorit,hnr a,re bol,h l>asecl orr the sanr<: idea..
knorvrr rus the m.ethod of feeblest desccnt. We tuetttiort in 1>:rssing tha.t alolher inrpor'[ant, paracligrn for'
reluctarrl, a.lgolit,lrrn <lesign rva.s clescribetl bv Ilonrer itt t.lte sanre work. It n'a,s givr:r.r by its invnrrt<lr the
colorirrl na,tnc o1' Ile.n,elope's shn,Lagun^ atr<l ttllics iu tlte ttse ol'a for loolr rvhose sl,e1r oscillal,r,rs bcl,wtrrn
posiIive irttrl turgttl.ivc r,altrers ut, t:acb it,elatiou. Uulbrluuat.ely. ihis t.e<'lrni<1uc (lvhich is prescut.ll. callctl l,he
lmcl,:trncl nr.el,h.orl,\. ltas bccourc so rvell-ktt<;n'u tltirL evcu rtaive ollservel's ciur spot it at lirsL siglrt,. arrrl is
tuxr' ol histolit'al irtttrresl oulv.

4 Backwards-first search

A sonrervhat sitnilal problenr is thal of enrturerating all n vertir:es o[ a. conuecl,ed graph G in a s;'sternal,ic
fhshion- This problent has been extctrsiv-cly stucliecl iu llre fra.mework of classica,l theor_v of algoritlrnts.
a.u<l it is usualll'- soh'erl b;' the nell-kuorvn <lepth-first [Vcrnel] or brcacltlr-first [Vernc2] algoril,hurs. that
exhil>iL {)(n) b<'st-casc Iirrre.

Tltis s'a.s fbr a long l,inrc t,lrorrglrt t<l be au nlrper llorrtrcl to tlrc sirll;k:xit,.y ol'l lrr: lrroblcrrr. llrt orr Or:tolxrr.l,
198,1 at 2:17 p.rl. tltr: telttct.attt algorithrnics cottttnturil,.l' rvats sltakcu lry t,he discovcr'.y ol'it.setrrclr st,raleg.l'
e-rlribitirrg {)(n2) irrelficietrcl' 16. in iutportartt cla,ss nl'graphs. Thc lrrc*urartls Jirst. searcldn.g rnellrorl. as
it lvas called bf its irrventor, is describerl belori'. Like its pteclecessors. it is bcst thought, of a,s a nct,hotl
fol assigning io the vertices'rr1,?'2,....!rrn of G the iutegel labcls,\(t,1 ),.\(r:2),..-l(r',), irr Ihe rarrge I Io rr.
The algorit,hrn is expressed by the recursive procedure 6u.'/s below. The procedure assulnes all labels )(r')
are initially zcro; t,hei recursioll is startecl by the call 6uls(t1,1).

procedure bwfsht: vertex, i: integer) =
.A(t,) +;
for each neighbor u of rr do
if 0 <,\(rr) < I then bufs (rr,z) fl

rof
for each aeighbor u of rr do
if )(u) : 0 then bwfs (u. i + 1) fi

rof
erudecorp

We leave to tlte t'eader a"s all enlightenirrg exercise the ta"sk of ploving the correctness of lhis algoritlurr,
and establishing that its irrefliciencl, is inrieed O(n2) 1br stlaiglrt line graphs. A fea,trrre of interest fiour
tlre point of vien'of space pessinrality irr this casc. is that the reculsion clcpth of bufis cal get up io O(n2)
rvith an appropria.te sta,rting poillt. Its inefficieucy on general gra,1>lrs is an open problenr, ltut il scenrs
tlrat it is never fiuster tha.n O("Ji).
Rcrrrtr,rk tha,t, il, is cuough to deletc oue of'thc lbr loolrs <-rl' bwfs to obt,airr t.he fa,ruiliar clclrl lr-lirst, sca,rch;

hos'ever t,he order in which the vertices ol'the grap.h arc visitccl lbr tlre filst tinrc is rlrrit<r rn.yst,eliorrs arrrl
conlplicatcd. tr.rrd it is rroL lt-.liltecl to I,he deJrth-first or<[er'.

The bncku'ard.s first. n,umbering of the vcrtices ol'a graph is by de{iuit,ion the labels ,\(rr) assigrrccl by this
algoritlrrn- Like the depth-first and breadth-first uutrtbelirrgs, this otte lta.s several inlcr:csting 1>r'operties.
I)ue to lack o1'space, we ll'ill ruention only a, couple of tirer.n here. If the edges are albitr:a,rily oriented so

as to produce an acyclic graph, then ,\(hearl(e)) > ,\(tail(e))) fbr every edge e, or .\(head(e)) < .\(torl(e))
lbr evely e. Furthermole, if the nl&xirllutrr degrec <lf the graph is d, lor any pair of adja<:cnt vertices u, ?t

u'e rviil have l,\(u) -A(u)l < dlognrin(.\(u),,\(t')). Tltese and other Propelties make the backwalds-filst
nuurbcring of plinre conrbinatorial importance.

b Slowsort

No olhcr lrroblenr shows rnorc clcarly tlte porver ancl elega.nce ol lclucta.trt algolitlirnics llral l.he sortirrg;
ol ri giveu nunrbel's. This problcur has tt loug a.nd riclr hislor';., u'hose llegitttrittgs cau bc t,r'acecl far' l:ark,
aluxrsl cerlainly to a l,inre belbre the establishrtrettt ol't'eluctaut, algorithmics as a. rec:ogniscd discipline in



lhe seconcl half of la.st Weduesday. Thanks to the efforts of urau.f industrious pioneers, the iuefiiciencl,
of sorl,ing algorithms rvas steaclily raised h'oln the ruodest l)(nlogn) of tire nrerge sort algoritlrn to the
\l(nJi) ol shell's sort (rvith appropriate incremeuts), to the O(rr2) of bubble sort, au{l firrally to the clever
!)(rr.;J) sorting t'outine receutly dcscribed by BentleS'[Berrtle.r{. (Apparerrtlv it w'tus lirst pnblishe<l by Steele,
\\bocls, Finkel, Crispin, aucl Goodl'cllou' [S\VtrC(-l])

One ol'the utr-rsl irupolta.nt resrrlts ol'rno<lenr sinrplcxit-t' theorf is the prool'that l,lre sorting problerri
carr be soh'txl in [)(ruloe(tt)/(r+t)) tinre. Tlris rvrs ther first llroblenr to be sholrr to have n<ur-poll'nourial

The slonsort algor-ithnr is a perf'ect ilhistlation of Llrc multiytly and sunendrl paradigrrr, n'hir:h is pelhaps
the single nrost importaut pala(ligrr in thc develoltruent of reluctant algorilhnrs. The bnsic nlultiply au(l
surn:nrler slral,egy cousists in ruplacing the problenr at hancl lry two or rnol'e subproblcnrs, ea,ch sliglrtlv
simpler than the original, and corrtirure nrultipll.irrg subproblems and subsubproblems recursivel-r' in this
tashion as loug as possible. At sonre point the subprobleurs will all becotne so siurple that tireir solutiou
can no longer be postponed, and rve *'ill have to sulreuder'. Experience shows that, iu ntost cases, by the
tintt: ihis 1>oint is leached the tottrl work will be substantiall-r' higherr [hau rvhat, eould have bccn wastetl
by- a, utore tlirect ap1:roach.

To get a filnrcr grasp of the nrultiply arrd srrrrender urethocl, let us lbllorv lhe stepby-st,e1r developnrenl <lf
tlte a .s/oar.sor{ tlgoritlrnt. \Ve can dcconrpose thc' prol>leru of sorting n, ttrttnberc At, Az,..., A, in ascencling
orclcrinlo(l)tirrrlirrgthenrtrxirrnurrof thosenunrbers,arrd(2) sortingt,lrereurainingoncs. Subproblem(1)
catt l>e litlthcr ckx'onrposecl iuto (l.J) fin<l the rna-xiurrrnr of llre first [rz/2] elenrents, (1.2) lind the uraxilturu
of the renraining [n/2] elenreuts, and (1.:]) fincl the largest of those l,rvo uraxiura. Finally, subproblents
(l.l) aucl (1.2) ca.rr lrc solvr:rl by sorting the specifie<l clenrents and ta.king the last elcmcrrt in l,he result.
\Yer ha.r'e tlrus nrultipliecl the origirra,l problenr into tlu'ee slighlly simpler ones (sort the first hall', sort the
sr.coucl halt, sort all elenrents but one), plus some overhead processing. We contiuue doing this recursivel)'
until lhe lists have at urost one elenreut each, at u'hich point rve al'e lbrced to snrrender.

procedure slowsort(A, n, i) =

{This procedure sorts the subart'ay ili, A;a1 , ..., A.; . I
if i>j then
return

el-se
,, * i,tr l

slowsort (A, .i, m)
slowsort(A,n+7,n)
if A,,, ),4i then A,r"+ At 7i
sl,owsort (A, i, j - 1)

fl
erudecorp

Tlre re<:rlrsion clrnlacteriziug the nrnning tinre of slousort will look lanrilial to readers of Volttltre Three.
It is esst-.rrt.itrll1'?(n):27(n/2)-fT(n- I). The Hannrriug clista.lce betrveetr this aud the well knowtt
T(rr):27(n/2) +cn tecurr€uce of nrergc-sort is only 5. but a sinrple at'gtlulellt abortt finite clill'erences

shons tlrirt this is srrlticicnt, l,o nrakc ilrc lirsl, erluatiorr have uo pol.vrrorrritrlll'-botttt<l solutiorr. Iu fhct it ciur
lrt' sltotvrr t lrrrt I lrc solrttiott satislicst

C'ntoelt) / tt+.) < T (rz) 1 Ct,nLoso) /t

fbr a.ny fixe.d e ) 0 turd sorle colrslauts, (),, ancl Cr,. The iclea of t,he proof (we n'ere tolcl that s'e neecl at
least orre prool'to get prrblishcd) is to asstrure that T(n) : Ctnc' lttz 1ir. some constants. Then

2T(n,/2)*7(n-1)
T(")

:,_rr'7:"" .r#-', (qg)

t\\i' u"c "log" for logarithnrs in llase lno, artrl "lrr" for n:rlural krgtritlrttt.,.



Nlakirrg Cz:11121ttr) we can show that TQt) <Cpttocbt)lz and making Cz: II(Q*c) ln2) we shorv
tlraf. T(n) ) C,,ntoe{o\/(2+c) 1or sufliciently largc n. (Thc const.arrts C,, a.ntl C6, are lirdgc ln.ctors to get. the
irrdrrctiou going.) Itt ilre spirit o[ t'elttc:taut rrlgoritlttuics. Lhc <leta,ils will be availallle Irorl l,lre autlrots in
tlre neal tiriurc. nn 7-track oclcl-pality EIICDIC tapes, couttrining t'a.sterized purr<'hetl caxl iurzrges ol'the
proof writ,ten irt EQN.

Fol practical applications, it is obviorrs Lhat sLowsot'L is thc eurireutl.y suitable algorithrn r'vherrcver .your'
lross sencls you to sort sonrething in Paris. Antong othel nice properties, during the executiorr of slousort
the number of iuversions in ,4 is r)oniucrea^sing. So, in a certa.in seuse (if )rou a,r€ in Palis, all expeuses

1>ai<1, this sense is clear) s/our.sott uever nrakes a wloug nrove.

6 Conclusions and open problems

For a long t.inrc theoretical Conrputer Scierrce was concenled oul.\' rvilh the aual.vsis of eit,hcr l.hc worst
case or tlre avelage case behavior of algoritluns- This y>aper is t;he first to trv to rcrrr<xly lrlrc obviorrs
disclirniuat.ion agaiust the stutly of the b<xt ciuse behaviot. a,rrcl we catt ortl.l'hope tlral. it s-ill lx, lbllowe<l
l>y rnany othels.

Tlre analysis of slowsot't led to thc following conjecbure known as the rarising h.ypothesis (RII): I1 the
cornplexi[y of a problem is O(g/) where g and / are furctions of the length of the inpu[ and / : o(g) then
the simpliciiy of this problern is 0(9/;.
The estended, tuising hypothesis (ERH) states that if the cornplexity ol'a problem is O(g * J). theu its
simplicity is O(gf). It is obvious that ERH implies lLH.

The proof or disproof of RI{ is one of the greatest open problerns in Siruplexit,y. Hower.er rv'e ntust encl
on the sad ttol,e that it ntiglrt bc iurpossible to prnv'e RII due to thc wcll kuowu iuconrpleterress of Peauo
aritlrnretir'.
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